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Abstract 

The 5*0 (4, 2) isometries of AdS^ are realized non- linearly on its horospher- 
ical coordinates {x^,p). On the other hand, Penrose twistors have long been 
known to linearly realize these symmetries on 4-dimensional Minkowski space, 
the boundary of AdS^, parametrized by x^. Here we extend the twistor con- 
struction and define a pair of twistors, allowing us to include a radial coordinate 
in the construction. The linear action of 50(4,2) on the twistors induces the 
correct isometries of AdS^ . We apply this new construction to the study of the 
dynamics of a massive particle in AdS^ . We show that in terms of the twistor 
variables the action takes a simple form of a 1-dimensional gauge theory. Our 
result might open up the possibility to find a simple worldvolume action also 
for the string propagating on AdS^. 
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In [|l| a two-dimensional world-sheet model was considered with manifest SU{2, 2|4) 
symmetry. The basic variables of the model are supertwistors which realize the sym- 
metry linearly. From the supertwistors one can derive 4 x"^ and 16 6* P, ^ coordinates 
on which SU {2, 2\4) is realized as the non-linear superconformal symmetries. Since 
the same symmetry group also appears as the isometry group of the AdS^ x S^ super- 
space, it is natural to wonder in view of the AdS /CFT correspondence [Q, whether 
supertwistors might be useful variables to describe strings in this background. In this 
brief note, we extend the purely bosonic twistor construction to include a radial co- 
ordinate, based on the coset construction of AdS^. The linear action of the SU{2, 2) 
group on these twistors induces the correct isometrics of AdS^. As a warm-up to 
applying these new variables to strings propagating in an AdS^ x 5*^ superspace, we 
then consider the (non-linear) action of a massive particle on AdS^ and show how 
the new twistors bring the action into a simple (and quantizable 0) form, general- 
izing the work of [§. In fact, the resulting theory is nothing but a one-dimensional 
U{1) X SU{2) gauge theory of the form 

S = -i f dr (z^DrZ^ + 2iu^mR) , (1) 

where 

D,Z^ = {6^-^dr - iuHi^)Z-^ , (2) 

and the t^"^ matrices are f/(l) x SU{2) generators. The rest of the notation will be 
explained in the main body. 

We begin by recalling the AdS^ isometrics, their relation to the standard twistor 
formalism in the boundary limit, and the general construction of coset isometrics. 
AdS^ space in horospherical coordinates x™ = (x"',p) is described by the metric 



ds^ = dx'^grnndx'' = c'^T^^^e" + 6^6^ = p^dx^ + R^ ( ^ J 



(3) 



where R is the radius of curvature. The isometrics and compensating Lorentz trans- 
formations i (acting on e™, e'') |0] are given by 

(Am \ 

5p = {Xd-2x ■ Ak)p, 
r^'ix) = A^^" - 4x['"aS , 

Am 

rp(x) = -2/?-^, (4) 

p 

where a*", X'^P, Xd, and A^ are the constant parameters of translations, Lorentz 
boosts, dilatation, and special conformal transformations. 
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In the limit p ^ oo the radial coordinate decouples from the transformations 
and one is left with the conformal transformations of 4-dimensional Minkowski space. 
These non-linear transformations are nicely encoded in the transformation properties 
of a twistorQ 

2-(^s). (5) 

transforming under rigid transformations g in the fundamental of SU{2, 2 




where we used the spinorial notation (see the appendix) 

a*" _ ■ 
ri 
T p \'™"('^ \ P r^ \'™"('^ \'^ ('7\ 

J^a — T^A/ y^mnja , -^ /3 ~ 7 ^^ \'-'mn) /j , {I) 

i.e. we choose to take all our variables dimensionless. The conformal twistor relation 
between the two spinors A and /2, 

;2" = -zx"°A„ , (8) 

then induces the non-linear conformal transformations of x from the simple linear 
transformation of the twistor Z. The non-trivial step in this parametrization of 
conformal space is the twistor relation (^), which can be derived from the dynamics 
of a massless particle [Q . However, here we derive the twistor relation from a purely 
algebraic perspective, as the twistor parametrization of conformal space is closely 
related to the coset-space construction. This will allow us to generalize the procedure 
to the full AdS^ space. 

The parametrization of a coset space is encoded in the coset representative v{X), 
where X are the coordinates of the space. As a function of coordinates v{X) trans- 
forms under an infinitesimal action of the group G as 

6v{X) = -C;{X)d^v{X) = -gv{X) + v{X)hg{X) (9) 

with m = 1, ...,diinG/H, g E G, the Lie-algebra associated to G, and hg{X) is a 
space-time dependent compensating transformation in the Lie-algebra of H. Eq. (P) 
is equivalent to the general relation ^ 

v'^gv = CL„ + hg{X) , (10) 



^As usual in the twistor literature, Aq and /2" are commuting, two-component complex spinors. 
Our conventions are explained in the appendix. 

^The universal covering group of the conformal group 50(4,2) is SU{2,2). Its compact SU{2) 
subgroups act as rotations on chiral and antichiral spinors, respectively. 



where L^ = v ^dmV is the Cartan 1-form in G. The C,T are the isometries, SX"^ = 
—^^{X), that reahze G non-hnearly on the coordinates. Clearly, an object 

Z = v{X)Zo (11) 

will transform rigidly in the fundamental of G, i.e. 6Z = —gZ, iff 6Zq = —hg{X)Zo. 

Twistors turn this reasoning upside down. Whenever we define a vector Zq by 
(|TT|) and demand that Z transforms in the fundamental of G, it is guaranteed that Zq 
will transform under the correct compensating transformation hg{X). If we want to 
impose a twistor relation on Z, it turns out to be most useful to put a constraint on Zq, 
effectively relating the components of Z via X. Hereby, one only has to demand that 
the constraint is covariant under the compensating ff-transformations. A consistent 
twistor relation can therefore be obtained from the coset space by defining a vector 
Zq through (|ll|) and constraining it in a -ff covariant way. 

We illustrate the above discussion with the twistor formulation of conformal space. 
The conformal transformations in spinorial notation 

Sx"" = - (a°" + x^'^Lp'' + Z°^x^° + Dx'^" + x^f^Kf^pX^"") , (12) 

induces the compensating H transformation 

(_ r /3 _ Us P ~ K ■ t"/^ —iK- \ 

^", + f n - a:"% J • ^''^ 

These transformations are simply the isometries of the coset space SU{2, 2)/IS0{l, 3) x 
D, with the coset representative 



5J 

i 

/3 



^"^""W= _i.- .". I- ("' 



From (^ and (0) one constructs 



^'=[^7)-[^x"-xI+r) ' (^^) 

which needs to be constrained /f-covariantly. The only form of Zq transforming 
covariantly under (|T^ is 

2o=(^2"), (16) 

which implies the conformal twistor relation (|]), as desired. In this case finding the 
proper constraint (|T6|) was straightforward. The S0{1, 3) in H allows for chiral/anti- 
chiral spinors, or Majorana spinors. However, only the chiral spinor Ag of (|16]) trans- 
forms covariantly under special conformal transformations. 



This example illustrates nicely the method we have developed of constructing 
twistors via the coset representative. We can now extend the procedure to the full 
AdS^ case. 

The metric and isometrics (0) and (^ follow from the coset construction of 
AdS^ = S'0(4, 2)/S'0(4, 1). We choose the coset representative v^'^^{x"^,p) in the 
spinor representation of 5'0(4, 2) 

^V2A /5 ^ 






^--(x,p) = ( _-^,/,;„„ ,/,^„. , (17) 



and, in spinorial notation, the isometrics (|^) take the form 

5a;"" = - (A"" + x"^L^" + L^pX^"" + Z^x"" + x^'^K^^x^") - K^'^'p-^ , 
6p = (D + K'^^x^Ap. (18) 



The compensating 5*0(1,4) transformation reads 






We wish to replace the coordinates (x'",p) with twistor variables, on which a 
linear SU{2,2) transformation induces (|1^) and (pJ]). Naturally, one would want to 
define as above a twistor Z, and relate it via the coset representative to a vector 
Zq. On Zq then a constraint has to be imposed transforming covariantly under H, 
effectively relating the components of Z via the coset coordinates. In this case we have 
H = 5*0(1,4), and Zq should transform in the spinor representation of this group. 
There are neither Weyl nor Majorana fermions in (1,4) dimensions, and there does 
not exist a covariantly constrained spinor. Therefore, a straightforward extension of 
(H) incorporating the radial p coordinate of the ^4^5 space does not exist. However, in 
(1,4) dimensions one can define pseudo-symplectic Majorana fermions ip^ satisfying 

{iP^y = e^^B^jj'^ , I, J =1,2. (20) 

The matrix B satisfies 

B^ = -B, B^B = 1, BB* = -1, Yrh = -Bln.B-\ (21) 

where jfh are the 5-dimensional 7-matrices. In the two-component notation used 
above the matrix B takes the form 



Since one can impose a restriction only on a pair of spinors, we have to extend the 
twistor construction to a pair of twistors 

Z-={^,) (23) 

transforming in the fundamental of SU{2, 2) 

5Z^ = -gZ^ . (24) 

Just as in ( pA]) one relates these twistors to a pair of spinors Zq via 

Z' = v^''{x,p)Z^, (25) 

where Zq transforms as 

6Z^ = -h,iX)Z^. (26) 

As discussed, the only if-covariant condition which can be placed on the Zq is the 
pseudo-symplectic Major ana condition 

iZ^r = e''BZ^, (27) 

which leads to the form 

with unrestricted Aq and Aq"^ = {Xoi)*e^". The generalization of (P) now becomes 

ij 
fi'^i = -ix""A^ + — A"^ . (29) 

P 



It is straightforward to verify that from this AdS twistor relation, (p^) and (|^), the 
AdS isometrics (|^) follow. 

The pair of twistors trade the 5 coordinates {x"^,p) for 8 complex degrees of 
freedom Z^ , which are related as in (^). This relation was derived from a purely 
algebraic perspective. Using this explicit relation we can find the invariant quadratic 
constraints the twistor pair satisfies. The SU{2, 2) group can be defined as the trans- 
formations that leave the metric 

Hsu{2,2) = { ^ Q j (30) 

invariant. Therefore the bilinear form 

Z{1)Z{2) = /i"(l)A,(2) + A^(l)/i'^(2) , (31) 



where 



J = Zti7=(/x°,A^) 



(32) 



is the conjugate representation, is a quadratic invariant. With a pair of twistors we 
can define the general bihnear invariant 



Z'g'^Z^ = Z^g^'^Z, 
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(33) 



where g^'^ is 2-diniensional constant complex matrix. The equality above holds be- 
cause Z^ and Zq are related by the SU{2, 2) matrix y'^'^^. We can expand the matrix 
f7 in a basis 

(34) 



t 



ij 



{S", {^r} 



where o"j are the Pauli-matrices satisfying aid'2 = io^s and a takes values 0,1,2,3. 



From the relation (|29D we obtain the constraints 

Z^a^Z-^ = , 



(35) 



which imply that the two components Z^ and Z"^ of the twistor pair have the same 
'length' Z^Z^ = ZP'Z'^ and are 'orthogonal' Z^Z"^ = ZP'Z^ = 0. However, there is a 
fourth independent invariant bilinear 



z's^'z' 



2mR. 



(36) 



which takes arbitrary real values m. The parameter m has the dimension of a mass. 
Indeed, we will relate it to the mass of a particle propagating in the 74^5*5 background. 
Before discussing this we contrast these constraints to the conformal space. In that 
case there is only one twistor and the quadratic invariant 



ZZ — ZqZq 



(37) 



necessarily vanishes due to (0). This equation defines a surface in twistor space, 
which is related to the phase space of a massless particle . 

The first order (or phase space) action of a 'massive' particle in AdS^ is given by 



S 



dr 



P-d F 



-(p^r"^,,+m2 



(3J 



The momenta Pfh = {Pm,Pp) are conjugate to x"* = (x™,p) and g'^"' is the inverse 
At/S's-metric (H). Translating this into two-component notation yields 



S 



dr 



where 



_ p . -aa _ 


e / 1 
P h P P"" 
'P 2i?2 1^2p2^"" 


-P'PI 


) . 


(39) 
(40) 



The worldline einbein e(r) is a Lagrange multiplier for the mass-shell constraint 

1 

2p 



^^Po.aP'"' - p'^P'i = m'R^ . (41) 



We rewrite the momenta in terms of the twistor variables A^ introduced above by 
setting 

P — 9\^\^ 

-'■ aa ^a a i 

P, = -^ {e'^'e^'^i^i - cc.) , (42) 

and the second pair of twistor components /i^ are introduced as in (p9|). It follows 
straightforwardly that 

^,P..P- - p'Pl = (^ {e-'e^'XiXi + c.c.)J = \ [z^5^'Z'^)' . (43) 

The constraint (^) forces this to equal ra^ and therefore we relate the invariant 
Z^b^^ Z'^ to the mass m as in (|36D . In other words (|36D is equivalent to the mass-shell 
constraint. It turns out that, like for the massless particle in 1+3 dimensions 0, the 
action for an on-shell particle (41) can be rewritten entirely in twistor variables, 

S=- fdr C^PaadrX'^'' - Ppd^p\ = -i j cLt Z^drZ^ , (44) 



where the twistor pair is subject to the four real constraints (|35|) and ( pq) 

(Pa = Zhi'z' -25a''mR. (45) 



If we wish to elevate the twistors to independent variables, the constraints (|45| ) have 
to be imposed via Lagrange multipliers m" and the total action becomes 

S = -i j dr [z^drZ^ - m>„) . (46) 

The appearence of the Lagrange multiplier terms generates gauge symmetries which 
act on the fields as 

6Z' = ie{r)t'JZ\ 

Su' = dre{T) + 2ie'^''^^{T)u'', (47) 

where C,°'{t) are 4 local parameters and form an f/(l) x SU{2) algebra. Therefore, we 
can rewrite the action (^) as a 1-dimensional gauge theory action 



S = -t fdr [z^DrZ^ + 2iu'^mR) , (4J 



where 

DrZ^ = {S^^dr - iu%^)Z^ (49) 

and the Lagrange multiphers act as gauge fields. 

We have shown that the construction of twistors, reahzing the conformal symme- 
try SU{2, 2) of 4-dimensional Minkowski space hnearly, can be generahzed to include 
the radial coordinate of the AdS^ space. To do so, we employed the coset descriptions 
of the conformal space and the AdS^ space, and we had to extend the twistor con- 
struction to a pair of twistors subject to important constraints. In essence, we built 
a bridge between the twistor formulation of SU{2, 2), and the description of AdS^ as 
a hyperboloid in (2,4) dimensions. In the latter, the coordinates of the 6-dimensional 
embedding space also realize the conformal symmetry G = S'0(2,4) ~ SU{2,2) 
linearly, although in the fundamental of 5*0(2,4). The generalized twistors realize 
the symmetry linearly in the spinor representation of 50(2,4) which is equivalent 
to the fundamental representation of SU{2,2). One advantage of our procedure is 
that it seems to have a straightforward generalization to the supersymmetric case 
SU{2,2\J\f), i.e. to find a twistor realization of the AdS^^ x S^ superspace. All one 
needs to do is to construct the supercoset representative and find the proper constraint 
on Zq. This will essentially be the same constraints as for the bosonic space since the 
compensating transformation in the supersymmetric case is also purely bosonic. In 
that way one could find the supersymmetric generalization of defining AdS^ x S^ as 
a 10-dimensional hypersurface in 12 dimensions. 

We have also shown that these twistors appear naturally as the fundamental vari- 
ables of a massive particle propagating in AdS^. It would be interesting to investigate 
whether we can extent the superparticle action to a simple supertwistor one as well. 

The most exciting aspect of our result however is the simplicity of the action (^8]). 
The quantization of this action will be considered in an accompanying paper |^. It 
might pave the way to a simple quantization of the string on AdS^. One would hope 
that (|4^) generalizes to the string action in the same straightforward way it did in 
fiat space, viewed as the boundary limit of AdS^ (0 vs. |]1|]). If this is the case then 
the string spectrum constructed in |l|] from a stringy toy world-sheet model should 
indeed be the spectrum of strings on AdS^ x S^. 
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Spinor notation 

Here we collect some useful formulae and fix notation. We define the a-matrices as 

am = {H, CTi} , am = {H, — <3"j} , amn = 0-[man] , (Tmn = O'lm^'n] , (50) 

where ctj are the conventional Pauli- matrices satisfying aia2 = icr^. They have the 
index structure 



\ym)aa i yam) i yafymja ; 



{cTmnfp. (51) 

Undotted indices are always contracted NW-SE, while dotted indices are contracted 
SW-NE. Indices are contracted with an e-tensor, defined by 

eu = -eu = e'^ = -e^^ = l, e'^^sp^ = S'^p , e^^e^'' = 6^ . (52) 

This implies the relationships 

We also have the identities 

0"(mO-„) = a-(mCr„) = -1]mnt , (54) 

where rj = diag(— , +, +, +). To translate between spinor notation and vector notation 
we associate a real 4-dimensional vector X"^ to a hermitian matrix 

X"" = X™(a^)"° and X„^ = X'"(a^),^ ^ X„^ = e .^X^%„ . (55) 

In the same way we translate a real ant i- symmetric tensor T"^" to the pair of chiral- 
antichiral matrices 

Tj = ^T^^{amn)J and T"^ = -lr™"(a^„)"^ . (56) 

which are related by hermitian conjugation. 

The 5-dimensional 7-matrices are constructed out of a, a by 

^- = '[L VJ' 7p = 75 = ^7o7l7273 = ( "0^ °j. (57) 
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